Poisson brackets and structure of nongraded Hamiltonian Lie alge- 
bras related to locally-finite derivations 

(to Appear in Canadian J. Math.) 

Yucai Su 

Department of Mathematics, Shanghai Jiaotong University, Shanghai 200030, P. R. China 
(e-mail: ycsu@sjtu.edu.cn) 

I Abstract. Xu introduced a class of nongraded Hamiltonian Lie algebras. These Lie algebras 

I have a Poisson bracket structure. In this paper, the isomorphism classes of these Lie algebras are 

p) ^, determined by employing a "sandwich" method and by studying some features of these Lie algebras. 

I It is obtained that two Hamiltonian Lie algebras are isomorphic if and only if their corresponding 

', Poisson algebras are isomorphic. Furthermore, the derivation algebras and the second cohomology 
groups are determined. 
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! 1. Introduction 

A Lie algebra {A, [■,■]) is called to have a Poisson bracket structure if there exists a commu- 
tative associative algebra structure {A, ■) such that the compatibility condition holds: 



>■ ' [u^v ■ w] = [u,v] ■ w + V ■ [u, w] for u,v,w G A. (1.1) 

m ■ 

^ . The algebra {A, ■,[■,■]) with two algebraic structures is also called a Poisson algebra. Poisson 

^ . bracket structures have many applications in areas of mathematics and physics; they are 

■ fundamental algebraic structures on phase spaces in classical mechanics; they are also the 



O 



main objects in symplectic geometry (cf. [Z]). 

Let F be a field of characteristic zero. A Lie algebra A is called graded if ^ = (BaerAa is 
a F-graded F-vector space for some abelian group F such that 



.J. dim^Q, < oo, [Aa, Ab] C Aa+B for a,(3eT. (1.2) 

X 

' A classical Poisson algebra V{i) is a polynomial algebra A = ¥[ti,t2, ■ ■ ■ ,t2e] in 2i variables 
with the Lie bracket 

e 

[f,g] = Y.{dUm,,X9)-dt,,AmA9)) for f,geA, (1.3) 

i=l 

where dt^ stands for partial derivative Define 

= {t^l^'^ . . .Qi \ e = ^ + fo^ - 2 < n G Z, (1.4) 



i=l 



then V{i) is a Z-graded algebra V{i) = ©nez'P(^)n- When we consider only its Lie alge- 
bra structure, this Lie algebra is denoted by 7i(£). Then 7i(i') (or the simple Lie algebra 
[H{i),T-C{i)]/¥) is a classical Lie algebra of Cartan type H (also called a Hamiltonian Lie 
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algebra) [K1,K2]. Generalizations of graded Hamiltonian Lie algebras have been studied in 
[0,0Z]. 

Nongraded Lie algebras appear naturally in the theory of vertex algebras and their multi- 
variable analogues, they play important roles in mathematical physics. Xu [X2] constructed 
a family of in general nongraded Hamiltonian Lie algebras based on certain derivation-simple 
algebras and locally finite derivations (we refer to [SXZ] for the classification of derivation- 
simple algebras). In [SX], Xu and the author of this paper determined the isomorphism 
classes of Poisson algebras constructed in [X2] (two Poisson algebras are called isomorphic 
if there exists an isomorphism which preserves both associative algebra structure and Lie 
algebra structure). However, the structure theory of the Hamiltonian Lie algebras in general 
does not seem to be well-developed. Since the Poisson algebras have two compatible alge- 
braic structures while the Hamiltonian Lie algebras only have a Lie algebraic structure, the 
problem of determination of the isomorphism classes of Hamiltonian Lie algebras is thus more 
complicated, and one can see that some special treatments are needed in order to determine 
their isomorphism classes. 

In [OZ], Osborn and Zhao determined the isomorphism classes of the graded Hamiltonian 
Lie algebras under certain finiteness condition on the skew-symmetric Z-bilincar forms 0o- 
They used the "derivation method" to determine the isomorphism classes of the Hamiltonian 
Lie algebras, mainly, they first determined the derivation algebras of the Lie algebras in order 
to obtain their isomorphism theorem. In this paper, we shall determine the isomorphism 
classes of in general nongraded Hamiltonian Lie algebras Tt{i,T), where £ is a 7-tuple of 
nonnegative integers and F is some free abelian group, which correspond to the Lie algebras 
in [SX] with the skew-symmetric Z-bilinear form being zero and £4 — 0. The reason we 
choose (f) — £4 — is that the Hamiltonian Lie algebras look more natural and more explicit, 
and are therefore easier for application, and also they are general enough to cover already most 
interesting cases (see §2). The Hamiltonian Lie algebras considered in [OZ] in case (po — 
are the cases of the Hamiltonian Lie algebras [H{i, F), 7i(£, F)]/F with i= (£, 0, • ■ ■ , 0). 

Unlike the graded case, where the sets of ad-locally finite elements and ad-locally nilpotent 
elements can be determined, in the nongraded case, the determination of the sets of arf-locally 
finite elements and ad-locally nilpotent elements seems to be un- achievable. Here, we use a 
"sandwich" method to estimate them (see Lemma 3.1). By studying some important features 
of the Hamiltonian Lie algebras (Lemma 3.4), we are able to obtain the isomorphism theorem 
without the need to know the structure of their derivation algebras. We obtain 

Main Theorem. Two Hamiltonian Lie algebras are isomorphic if and only if their corre- 
sponding Poisson algebras are isomorphic. 

In Section 2, we shall rewrite the presentations of the above-mentioned Hamiltonian Lie 
algebras up to certain obvious isomorphisms, which we call normalized forms. Then we shall 
prove the main theorem in Section 3. In Section 4, we shall use a different method from those 
in [F,OZ] to determine the derivation algebras of the Hamiltonian Lie algebras. The reason we 
determine the derivation algebras after the determination of the isomorphism classes is that 
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we want to emphasize that the determination of the isomorphism classes does not depend on 
the determination of the derivation algebras. Then in the final section, we shall determine the 
second cohomology groups of the Hamiltonian Lie algebras (the second cohomology groups 
of the Hamiltonian Lie algebras considered in [OZ] was determined by Jia [J]). 

Acknowledgements. The author would like to thank Dr. Xiaoping Xu for suggesting the investigation 
of this problem and for instructions, Professor Kaiming Zhao for helpful discussions. Part of this 
research was carried out during the author's visit to Academy of Mathematics and Systems Sciences, 
Chinese Academy of Sciences, he wishes to thank the Academy for hospitality and support. This 
research was Supported by a NSF grant no. 10171064 of China and two research grants from Ministry 
of Education of China. 

2. Normalized Forms 

Before we present the normalized forms of the Hamiltonian Lie algebras, to better under- 
stand general Hamiltonian Lie algebras, we first explain how one can generalize the classical 
Hamiltonian Lie algebras H{i) defined in (1.3). 

For convenience, we denote 

i^i + e for l<i<e. (2.1) 

The constructional ingredients of the classical Hamiltonian Lie algebra Ti-li) are the pairs 
{A, V) consisting of the polynomial algebra 

A^¥[h,tj,---,U,t-l (2.2) 

and a finite dimensional space V = span{9j., dtj\l < i < i} of commuting locally finite deriva- 
tions. The derivations (9t. = ^ are called down-grading operators by its obvious meaning for 
l<i<2e. Then the type of derivation pairs {{dt,, dt^)\l<i< £} for n{e) is 

{d,d), (2.3) 

where "d" stands for down-grading operators. 

If we replace the polynomial algebra by the Laurant polynomial algebra 

A^¥[xt\x^\---,xf,xf], (2.4) 

and rewrite (1.3) as 

£ 

[f,g] = Y,{x,x^r\d;{f)dl{g)-dl{f)d;{g)) for f,geA, (2.5) 
p=i 

where d* stands for x„-rr— for 1 < » < 2^, then we obtain a Hamiltonian Lie algebra, denoted 

P f axp — — ' oj 

by 7i(£). Now the derivations d* are called grading operators by its obvious meaning, and the 
type of derivation pairs {(9*, d^) | 1 < p < for 7Y(£) is then 

{9,9), (2.6) 
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where "g" stands for grading operators. 

Furthermore, we can replace .4 by a semigroup algebra which is the tensor product of a 
Laurant polynomial algebra (2.4) and a polynomial algebra (2.2): 



A = nxt'M, xf.tj, ■ ■ ■ , xf , t,, , t^], (2.7) 

and replace by dp = d* + dtp for I < p < 2£, then (2.5) defines a Hamiltonian Lie algebra, 
denoted by 7i(£). The derivation dp are called mixed operator, and the type of derivation 
pairs {{dp, dp) | 1 < p < for H{i) is now 

(m,m), (2.8) 

where "m" stands for mixed operators. 

In the examples above, we can generally denote a monomial as 

^a,i ^ ^ai^ar . . . ^^^^^^^H^ j . . . if^^ (2.9) 

for 

a = {ai,aj,- ■ ■ ,ae,ai) eT, i= {ii^ij,- ■ ■ e J , (2-10) 

where F is an additive subgroup of F^^ such that F = {0} in the case of 'H{t) (where there are 
no nonzero grading operators), and F = 7?^ in the cases of 7i(£) and lH.{tj (where there are 
nonzero grading operators), and where J is some semi-subgroup of N^^ such that J = N^^ in 
the cases of 7Y(£) and 7Y(£) (where there are nonzero down-grading operators), and JT" = {0} 
in the case of ?i(^) (where there are no nonzero down-grading operators). In all three cases, 
we can define operators d* — Xp-^, dt^ = ^ and dp = d* + dt^ such that 9* = in the case 
of H{£) and dtp = in the case of 7Y(^). 

With the above examples in mind, we can now give generalizations of the Hamiltonian Lie 
algebras as follows. 

First for convenience, for m, n e Z, we denote 

{{m,m + 1, ■ ■ ■ ,n} if m < n 
i ~ (2-11) 

otherwise. 

We shall construct a semigroup algebra F[F x J] (cf. (2.7)), where F is some free abelian 

subgroup of an F- vector space F"^ and J' is some semi-subgroup of N", and construct 7 groups 
of derivation pairs {{dp, dp) \ p & !%} for i e 1,7, where Jj are some indexing sets such that 
if we denote each type of derivation pairs {{dp, dp)\p E Jj} by (Tj, T-) for i G 1,7, then the 
types of derivation pairs in the order of the groups {{dp, dp)\p E li} for i E 1,7 are 

{T,,Tj) = {g, g), {T^, Tj) = (m, g), (T3, T3) = (m, g), (T4, Tj) = (m, m), 
{n, Ti) = {g, d), {n, TV) = (m, d), {T,, Tj) ^{d,d). 

Then we shall see that (2.3), (2.6) and (2.8) correspond respectively to the three special cases: 
(i) 77 = M and /i = if i 7^ 7, (ii) 7i = M and 7^ = if i 7^ 1, and (iii) h^Tj and 7^ = 
if i ^ 4. 
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Set 



To construct, we let 

£^{£i,---,i7)en'\{0}. (2.13) 
io = 0, t, = £i+£2 + -+A, ielj, (2.14) 



= H-i + 1, h for i, j e 1, 7, i< j. (2.15) 



Denote 



= 7 = /i,7, J =1,2.7. (2.16) 

Define the map ~: J — > J by 



?=^''-'" ""hUl (2.17) 

p- 17 if p e t7 + 1, 2t7, 



(cf. (2.1)). For any subset K of 1,2^7, we denote 

K ^{p\pe K}. (2.18) 

In particular, we have J = / U /. Set 

Ji^IiUli, Jij^IijUlij for ijelj, i<j. (2.19) 
Let F be a field of characteristic zero. We write an element a of F^'^'^ in the form 

q; =(«!, ctt^, q;_) with G F, (2.20) 

(cf. (2.10)). Set 

%=Kp,'^T,p,---,5.„p,5z7,p)eF2^^ for peJ. (2.21) 

For a e F^''' and X C J, we use cc^ to denote the vector in F'^l (where \K\ is the size of K), 
obtained from a by deleting all the coordinate ap with p & J \ K; ior instance, 

«{i,3} = ("1' ^ ^{1,2,3} = ("1' "2, "3) e F^. (2.22) 

Sometimes, when the context is clear, we also use to denote the vector in F^*^^ by putting 
its pth coordinate to be zero for p e J\K. 

We fix a set {ap | p e J} of elements in F^*^^ as follows: 

{Ep + Ep if p e hu h^A, 

Ep if pe/2, (2.23) 
if p e /5,7, 

and (7p — Up. Using the notations (2.9) and (2.23), the factor {xpXi^~^ appears in (2.5) is 
simply x~'^^ Hp ^ 1\. If we re-denote x'^^ by Xp (and Xp by x~^\ then the factor {xpXi^~^ in 
(2.5) can be written as 

{xpXp)-^ ^ x''- . (2.24) 
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Now we take an additive subgroup F of F^'^ such that 

a- = for a e T, (2.25) 

(this condition is necessary since we require that T-^ — — T-j — — d hy (2.12), which 
means that d* — 0, i.e., we shall have ctp = if p e 1^^ U Jy for a e F (cf. (2.2) and (2.3) ) ), 
and we shall also require that 

(j^eF, e^eF, F£,nF^{0} for p e /i,4, g e /5,6, r e Ji,4, (2.26) 

where the first condition is necessary since we require that x'^^ will appear as a factor in 
the Lie bracket (cf. (2.5) and (2.24), also see (2.36)), and where the last two conditions are 
called the distinguishable conditions among the derivations dp defined later in (2.33), which 
are necessary in order to guarantee the simplicity of the Hamiltonian Lie algebras (cf. [X2]). 

Note that N^''^ is an additive semi-subgroup of F^''' . We take 

J = {i = (^1, ^T, • • • , k., V) ^ I ^^iu7.,3u/5 = 0}> (2-27) 

(cf. (2.10)), where the condition ij^yji,^ .^ui- = is necessary since Ti = Tj = T2 = = = g 
by (2.12), which means that dt^ = 0, i.e., we shall have = if p e Ji U 12,3 U /5 for i e J" 
(cf. (2.4) and (2.6)). 

Now we let A = F[F x J'] be the semigroup algebra with basis 

K'^|(Q;,i) eFx J}, (2.28) 

(cf. (2.9)), and the multiplication 

. ^ ^a+p,i+i for (/?, j) G F X J. (2.29) 

Then A forms a commutative associative algebra with 1 = x^'^ as the identity element. Set 

A = span{x"'^ I i e J} for a e F. (2.30) 

Then A is F-graded A — (BaerAa (but in general Aa is infinite dimensional). For convenience, 
we denote 

a;° = x"'°, t^ = x^'^ tp = f\ for aeT, ie J, pe J. (2.31) 

In particular, 

ii = JJtjp, x"'^ = a;X for aeT,ieJ, (2.32) 

(cf. (2.9)). Define the derivations {dp, d*, | p G J} of A by 

dp = d; + dt^ and 9;(x°'^) = a^x^'^ dt^{x^'^) = (2.33) 
for p e J, (a, i) G F X JT", where we treat 

x"'^ = if (Q;,i)^FxJ. (2.34) 
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In particular, 

^; = 0, dt^^O for pe/5,6UJ7, ge JiU/2,3U/5, (2.35) 

by (2.25) and (2.27) (cf. (2.12)). We call the nonzero derivations d* grading operators, the 
nonzero derivations dt^ down-grading operators, and the derivations d* + dt^ mixed operators 
if both d* and dt^ are not zero. Then the types of derivation pairs in the order of the groups 
{{dp, dp) \ p E li} for i E 1,7 are shown as in (2.12). 

Now we define the following Lie bracket on A: 

[u,v] = J]a;-^(9,(i.)9_(^) - d^{u)dp(v)), (2.36) 

pel 

for u e Aa,v e Af3 (cf. (2.30), (2.5) and (2.24)), where appears just as in (2.5) and (2.24). 
Then (^, [-,■]) forms a Hamiltonian Lie algebra, denoted by 7i(£, F), and (^, ■, [■, ■]) forms 
a Poisson algebra. Then 'H{^, F) is the normalized form of a class of in general nongraded 
Hamiltonian Lie algebra constructed in [X2] . From this definition, one sees that the classical 
Hamiltonian Lie algebra 'H{t) is simply the Lie algebra 'H{^, 0) with |^ = (0, • ■ ■ , 0, £), and 
the Hamiltonian Lie algebras 'H{t) and ?Y(£) are respectively 7i(£^, Z^) and 7i(f^, Z^), where 
r = (£,0, •••,0), and = (0,0,0,^,0,0,0) (cf. (2.12) and the statement after it). The 
Hamiltonian Lie algebras considered in [OZ] in case 0o = are the cases of the Hamiltonian 
Lie algebras [n{l, T),n{l, F)]/F with ^ = (£, 0, • • • , 0). 

The Hamiltonian Lie algebras 'H{i, F) can also be viewed as generahzations of the Lie 
algebras in [DZ,X1, Zh] in the sense that they have some common features stated in Lemma 
3.4. 

The following theorem was proved in [X2] . 

Theorem 2.1. The Lie algebra 7Y(£, F) is central simple, i.e., [H{£, r),H{£, F)]/F (the derived 
algebra modulo its center) is simple. 

3. Isomorphism Classes 

In this section, we shall determine the isomorphism classes of the Hamiltonian Lie algebras 
of the form H — H{i,r). We assume that F is an algebraically closed field. 

By (2.25), (2.27) and (2.35), we can rewrite (2.36) in the following more exphcit form: 

+ (3.1) 

pe/2,4 

+ Yl {^p3p-^p3pK^^''^^'^'--'^-'^. 
peUuh,? 

for {a,i), {13, 3) G F x J", where the first summand over p e 7i^4 corresponds to the fact that 
Ti d Tj ioT i — 1, 2, 3, 4 (cf. (2.12)). As for other summands in (3.1), they are also obvious 
by (2.12). In particular, we have 



pe/1,4 pe/1,4 



for a,(3eT, (3.2) 
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(cf. (2.31) and (2.22)), where 



«{p,p} 








P{p,p} 









is a 2 X 2 determinant, and 

{l3p-l3p)xP'i if pe/i, 

-/^x^'^ if p e h, 

{(3p-(3p)xf''i + jpx^'i-'- if pels, 

{Pp-Pp)x'''i + jpX^^i-'''-jpX^^i-'^ if peh, 



(3.3) 



and 



[tq , X' 



if q e h, 
- jqx'^'i-^" if g e /e. 
For any ie J, we define the level of i to be 

lil = Xl^f 

For any (a,i) G F x JT", we define the support of (Q;,i) to be 

supp(q;, i) — {p & J \ap or ip 0}. 



(3.4) 



(3.5) 



(3.6) 



For any Lie algebra C, we denote by and by £^ the sets of ad-locally finite elements 
and of ad-locally nilpotent elements, of C respectively. Generally, to obtain the isomorphism 
theorem, the ordinary way is first to find the sets Tl^ and Ti.^ . However, in our case here, the 
determinations of the sets and seem to be un-achievable. Thus, we use a "sandwich" 
method to estimate them. To do this, we introduce the following three subsets of H. Denote 

Hi = {X-"^, tq\pe /l,4, q e /5,6}, (3.7) 

H2 = {x'*'^ I a^^^ = iji,4u75,6 = 0' V¥ = for p e Jy}, (3.8) 

H, = span{x"'^ | = ^,^^^7,^^ = 0}, (3.9) 
(cf. (2.22). Then our first result is the following "sandwich" lemma. 
Lemma 3.1. 

HiUH2Cn^ C span{Hi U H3), (3.10) 

H2Gn^ G H3. (3.11) 
Proof. By (3.3) and (3.4), we have Hi C H^. Suppose x'^''- e H2. Then by (3.8), 

supp(Q;,i) C Ifjfi U J7, and p ^ supp(Q;,i) if p G supp(Q;,i). (3-12) 

Let xf^^^ e n. By (3.1) and (3.12), we see 

fx"'-, x^'^] = or a linear combination of the elements x'^'- such that 
^ ^ _ (3.13) 

there exists at least ape {I^^ U J7)\supp(Q;,i) with kp < jp. 

Thus if we set 

m = l+ Yl (3.14) 

pe(75,6UJ7)\supp(a,i) 



then ad^a,i(a;^'^) = 0. This proves H2^n^ C . 
Suppose u ^ span(ifi U ifs). Write 

u = Ca,ix'^'-, where (3.15) 

Sq = {{a,i) G r X JT" I Ca,i 7^ 0} is a finite set. (3.16) 

Then by (3.7) and (3.9), there exist (7,^) G 5*0 and p e such that at least one of p and p 
is in supp(7,^), mainly, 

{'yp,'yp,kp,kp) ^0, (3.17) 

and such that 

(7,i) 7^ (-t^p,0) if pe/1,4, and (3.18) 
(7,^)7^(0,%), kp^O if peh,6. (3.19) 

We prove that u is not aoHocally finite. To do this, we choose a total order on F compatible 
with group structure of F and define the total order on F x J" by the lexicographical order, 
such that the maximal element (7,^) of 5*0 satisfies (3.17)-(3.19) for some p G Ii^, and that 
(7p > (7g for all p. This is possible because the set of all nonzero is F-linear independent. 
To see how it works, say, p G /i and (7p, 7p) 7^ (the proof for other cases is similar). Choose 
/? = 6% G F for some h G F\{0} (cf. (2.26)) such that 

7p6 + m(7p - 7p) ^ for all m G N. (3.20) 

Then for n G N, the "highest" term of ad^(a;^) is a;/3+'^7+'^o-p,nfc ^^iHi the coefficient 

n— 1 n—1 

n + "^7p -m)- 'ypim'yp - m)) = (7p6 + m(7p - 7^) ^ 0. (3.21) 

TO=0 m=0 

Thus by (3.18), the set {ad^'(a;^) | n G N} is linearly independent, which implies 

dim(span{ad;^(x^) | n G N}) = 00. (3.22) 

Thus u i rC" . This proves C span(Fi U ^3)- Similarly, C E^. I 
For any subset X C 7Y, we denote by E{X) the set of the zero vector and the common 
eigenvectors in for adx, mainly 

E{X) ^{u^n\{X,u\(Z Fk}. (3.23) 

Next, we shall determine E{7i^). To this end, we need to find the eigenvalues for elements 
of adif J . So we define a map tt : F ^ F''« by 

TT{a) ^ ji^ {jii,- ■ ■ ,11,^), with (3.24) 

ftp - ftp if p G /i U 73,4, 
fjLp^ ^ -Up if p G h, (3.25) 
-ap ifpG/5,6, 
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(cf. (3.3) and (3.4)). We define 

M = span{a;" G 7i | a G T}, (3.26) 

= span{x° 1 7r(Q;) = //} for // e 7r(r). (3.27) 

Then we have 
Lemma 3.2. 

E{n^)^ U M„ (3.28) 

/i67r(r) 

thus M = span{E{n^)). 

Proof. By (3.10) and the definition (3.23), we have 

E{Hi U H2) D E{n^) D E{spSin{Hi U H3)). (3.29) 

We want to prove 

E(Hi U 7/2) C U Mf,C £;(span(//i U i/g))- (3.30) 

/ie7r(r) 

Let e 7r(r). By (3.3), (3.4), (3.7)-(3.9) and (3.24)-(3.27), elements in M,, are common 
eigenvectors for adf^^, and ad^^g acts trivially on Al^. Since elements in Hi commute with 
each other, elements in M/j^ are common eigenvectors for adspan(i7iui?3)- That is, 

U C E(span(i7iUi/3)). (3.31) 

Suppose 

« = I] Ca,ix"'- e n, where = {(«, i) e T x J | c„,i 7^ 0}, (3.32) 

(a,i)GSo 

is a common eigenvector for adHiuH^- Since ad/^j is locally nilpotent, ad^/j must act trivially 
on u. If (a, i) e ^0 with ip 7^ for some p e /5,6 U J7, then we can choose v e H2: 

x^p ii p e he, , , 

(3.33) 

tp if p e J7, 

such that 7^ by (3.1) and thus [v,u\ ^ 0, contradicting the fact that adijj acts 

trivially on u. Thus Vj^ = 0. Similarly, since w is a common eigenvector for adif^ , we must 
have i/2 3UJ4 — (^^"^ ^^us i = 0) and T^{a) = fi for some /i if (a,!) G 5*0. This shows that 
u e M.,j,. This together with (3.31) proves (3.30). Now (3.29) and (3.30) show that all these 
sets are equal, i.e., we have (3.28). I 

Next wc shall determine the sets Ai^ and . Recall that the Lie bracket in Ai has the 
simple form (3.2). 

Lemma 3.3. 



= spanix-^p, | p e /i,4, a.,, , = 0}, (3.34) 



Jl,4 



= span{x" I a ^ = 0}. (3.35) 
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Proof. We shall prove (3.34) as the proof (3.35) is similar. It is straightforward to verify 
that by (3.2) elements in the right-hand side of (3.34) commute with each other and they are 
ad-locally finite on Ai. Thus the right-hand side of (3.34) is contained in Ai^ . Conversely, 
suppose u E A4 is not in the right-hand side of (3.34). Then we can write u as in (3.15), 
where now 

5*0 = {(a,!) G r X JT" I i = 0, Ca,i 7^ 0} is a finite set. (3.36) 

Thus we still have (3.17)-(3.19), and the same arguments after (3.19) show that u is not 
ad-locally finite on Ai. I 

Now we shall study some important features of the Lie algebra At, which is crucial in the 
proof of the isomorphism theorem. 

Lemma 3.4. (1) Assume that 64 7^ 0. For fi G vr(r), regarding Ai^ as an Aio-module via 
the adjoint action, we have (i) if [Jii^ ,^ = 0, then the action of Aio on Ai^ is trivial and (ii) 
if l^i^ ^ 7^ O7 then Ai^ is a cyclic Aio-module, the nonzero multiplicative scalars of x" for all 
q; e r with n{a) = /i, are the only generators. 

(2) Assume that 44 = and lq ^ 0. Then (Uagi Fx'")\{0} are the set of the common 
eigenvectors of Ti^ in Ai . 

Proof. (1) Assume that ^ 0. Prom (3.2) and the definition of tt in (3.24), we see that 
commutes with if T^{a) — and ^ — 0. Thus if jii^ ^ — 0, the adjoint action of Aio 

on Aifj, is trivial. Assume 

u = cpx^ G A4^ with /i/j ^ 7^ 0, where (3.37) 

Sq = {P E T \ n{P) = fj,,C)3 0} is a finite set. (3.38) 

By (3.2), one has 

= - apHpx""^" ■ u if 7r(a) = 0. (3.39) 
pei"i,4 

Thus the subspace 

U = span{a;'"''+" • « = XI cpx^-^^^^^ \ a G ker^,p G /i,4}, (3.40) 

is a A^o-submodule of AA^J_. Let (-u) denote the cyclic submodule of generated by u. Then 
(m) C U . If the size 15*01 of 5*0 is > 2, then U in (3.40) is a proper submodule of Ai^ and so 
u is not a generator of AA^. 

Now assume that 5*0 is a singleton with 7r(/3) = \i. Suppose /^.p 7^ for some p G /i,4. 
For any k 7^ 1, by (3.25), ka.p G ker^r, thus 

For any a G ker^^, by (3.25), a - {k ^ l)(7p G ker^r- Thus by (3.2), (3.25) and (3.41), noting 
that I3q — (5q — /iq for q G /i,4, it is straightforward to compute that 
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This shows that x°'~^^ e (u) for all a e ker^^^, but is spanned by such elements. Thus u 
is a generator of A^^i^. 

(2) is obtained directly from (3.28). | 

Let Ti.{f, r') be another Hamiltonian Lie algebra defined in last section. Wc shall add a 
prime on all the constructional ingredients related to F'); for instance, H', J', a[, £'^, t-, 
etc. 

To state our isomorphism theorem, denote by M^xn the space of m x n matrices with 
entries in F and by GLm the group of m x m invertible matrices with entries in F. 

Definition 3.5. Let F, F' be two additive subgroups of F^'^ satisfying (2.25) and (2.26). A 
group isomorphism t : a i-^ a* from F ^ F' is called preserving if r has the following 
form: there exists a permutation i/ : p i— > p* on the index set /i_4, which maps Ik Ik for 
k = 1,2, 3, 4, such that 

(cf. (2.22)), where Ap G GL2 and the multiplication in the right-hand side of (3.43) is the 
vector-matrix multiplication, and 

A ^( + or (^^ M or ^] (3 44) 

^ \l-ap-bp l-ttpj \ap hp] \l-hp IJ' 

if p e /i U /4 or I2 or I^ respectively, for some a^, fep e F with bp ^ 0, and 

"/5 ^ ~ "7,)^i'5 - "j^^2,5 + c^i^Br;,^^, where (3.45) 

5i,5eM^,x4, B2,5&Mi,y,i„ Ss.sGGL^, (3.46) 

and 

"/e " "^"^i ~ "7i)^i.6 - "j^^2,6 + (aj3_^ - a-j^)Bz,Q + ttjg^s.e + "^^^6,6, where (3.47) 

-Bi,6 e -^€ix4) -^2,6 e Mi^y^ig, Bsfi e M(£3+£4)x4, -65^6 e -^4x4) -^6,6 e C-^^e- (3.48) 

Note that the above uniquely determine the isomorphism by (2.25). Let us explain the 
above definition. First we introduce the following notations. For any mxn matrix A — {o,p,q), 
we denote by A = (o,p,q) (resp. A — (ap^g) ) the 2m x n matrix such that the odd rows of A 
(resp. A) forms the matrix A (resp. the mxn zero matrix) and the even rows of A (resp. A) 
forms the matrix —A, i.e., 

a2p-i,q = -a2p,q = ttp^g, a2p-i,q = 0, a2p,q = -ttp^q for p E l,m, q E l,n. (3.49) 

A preserving isomorphism r can be decomposed into the composition of two isomorphisms 
T = Ty ■ tq such that only involves the permutation v, i.e., in (3.43)-(3.48), all Ap and Bi i 
are identity matrices and all -Bjj are zero matrices for i ^ j\ and Tq only involves matrices, 
i.e., u = l/j^ in (3.43). Furthermore, Tq can be decomposed into Tq = Ti ■ T2 such that Ti,T2 
have the following forms 

Ti : (a* ,a* ) — (a j )A, where (3.50) 
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A = diag(>li, • • • , A4, ^5,5, ^6,6), (3.51) 

and 

T2 : (a*^^^ , a*^^^ ) = (q;_^^_^ , JC", C = 12^4+4+4 + (3.52) 
where in general 1^ denotes the m x m identity matrix, and where D has the form 



D^{0,D,,De), A= So 5 , ^ 






\ 


-82,6 




-83,6 




-65,6 




Vo 


/ 



(3.53) 



where denotes some proper zero matrices whose orders are clear from the context. 

Now we can state the main result of this paper. 

Theorem 3.6. 9 : H{£, F) = HO^, F') if and only if i — ^ and there exists a preserving 
isomorphism r : F = F'. 

Theorem 3.7 (Main Theorem). Two Hamiltonian Lie algebras are isomorphic if and only 
if their corresponding Poisson algebras are isomorphic. 

Proof By Theorem 3.6 and by [SX], the condition for two Hamiltonian Lie algebras being 
isomorphic is the same as the condition for the corresponding two Poisson algebras being 
isomorphic. I 

Proof of Theorem 3.6. "<^": Suppose i — ^ and r : F — > F' is a preserving isomorphism. 
By the explanation above, r can be written a& r — • ti • T2, thus it suffices to consider the 
following 3 cases. 

Case a: First assume that r = r,^ is determined by permutation u. 

For any i G J', we define i* E J' which is obtained from i by permutation u. Then it is 
straightforward to verify that the linear map 

e^-.n^W such that e^{x"''-) = x""*'^, (3.54) 

is a Lie algebra isomorphism. 

Case b: Next assume that r = ri as in (3.50). 

We shall define an isomorphism 6 : Ti. Ti' as Poisson algebra isomorphism (then 6 is 
clearly a Lie algebra isomorphism). By (1.1), it suffices to find the images of the generators 
x",tp for a G r,p G hA^hj^^Aj (cf. (3.58) and (3.62)-(3.64) below) such that the following 
conditions hold (cf. [SX]): 

e([x",x^]) = [e{x"),e{x% e{[t„x^]) = [e{t,),eix% ei[t„t,]) = [e{t,),e{t,)], (3.55) 

for a, /3 e F and p,q E 12,4 U Iqj U I^j. 

Let A = ^pg/^ 4 ^(Jp be the subgroup of F generated by {cxp | p G /i,4} and define % : A — > 
= 1F\{0} to be the character of A (i.e., the group homomorphism A — > F^) determined 

by 

X(f7p) = bp for p e 7i,4, (3.56) 
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where bp are elements in F appearing as entries of matrices Ap in (3.44). We prove that x 
can be extended to a character x : F ^ as follows: Assume that Ai D A is a maximal 
subgroup of r such that x can be extended to a character x : Ai — >■ F^. If Ai 7^ F, then we 
choose a e r\Ai and extend x to A2 = + Ai — > F^ by defining 



X{ma + (5) 



xiP) if ZQ;nAi = {0}, 
a'^xW) if n Ai = Zna, 



(3.57) 



for m G Z, /5 G Ai, where a is an nth root of x(^<^) the second case (recall that F is 
algebraically closed). This leads to a contradiction with the maximality of Ai. Thus x can 
be extended to a character x : T ^ IF^. 

Now we define the images of a;" to be 



e(x") = x(a)2;'"* for a G T, 



(3.58) 



(recall that we add prime on the constructional ingredients related to Ti.'). Then by (3.2) we 
see that the first equation of (3.55) holds because (3.44) and (3.50) guarantees that a* = a'p 
and that the determinant of Ap is \Ap\ = bp = x(cp) ^-iid 



{p,p} 



X{a + P) 



«{p,p} 
P{p,p} 



\^p\ = x{crp + o^ + P) 



"{p,p} 
P{p,p} 



(3.59) 



Next we shall find the image of tp. To do this, we introduce a new notation: For any vector 
s — {si, sj, 82,82, •■• , 8^^, 81^) (with entries in F, Ti or in H'), we denote 



-Si,Si, 82, 82,---, 8^^,8iy). 



(3.60) 



For a subset K G J, we denote by 8k the vector obtained from s by deleting —Sp, Sg for 
p,q & J\K; for instance, 

^{1,2,3,4,4} ~ (~'^T' ~^2j •^3, 84), (3.61) 

(cf. (2.22)). We define 



9{tp) = Sp for p G /2,4 U 76,7 U hj, where 

5p = tp: = bqt'q: ^r) = br{-t'jr, QA;^ for p G h, Q & I3, r G h. 



where the up-index "T" stands for the transpose of a matrix. Then if p G h,^, we have 
[e{tp),e{x'^)] = x{a)bpapx"''+^'^ = Oiapx^^^"-) = ^([ip,x"]). 



(3.62) 

(3.63) 
(3.64) 

(3.65) 



because by (3.44) and (3.50), = bpa-p ii p E h and = if p G I3. If p G /4, as 1 x 2 
matrices with entries in 7i, we have 



X{a + ap)a{p,pyx'"*+''''' = e{\i{p,py, x"]). (3.66) 
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Furthermore, we have , — {a^^ ^ , 0)x°, and 



^he = "75,6 ^^^§(^5,5,^6,6), (3.67) 



by (3.50). Prom this and (3.64), we obtain 

From this and (3.66), we obtain the second equation of (3.55). 
To verify the last equation of (3.55), note that 

Pl,3U..u4u.ey ^^.3u..u..u.e,J = diag(0, SI, 0, 5,,^,,), (3.69) 

where 

^^diagff ° ^rV-.f 1. CIV (3.T0) 



is a 2^4 X 2^4 matrix with entries in Ti., and where, in general 

Sm^di8.g(^(^\ j))eGL2^. (3.71) 

Using (3.69), (3.63) and (3.64), we can obtain 

[^'^^-f2,3Uj-4U75UJ6,7^ ' ^(^72,3UJ4U/5UJ6,7''] ^ ^ t^/z.aU J4U76U J6,7 ' ^^2,3U J4U75U Je.T ^ ' (3.72) 

For example, if p e I4, by (3.56), (3.58) and (3.63), we have 

/ x"'p\ T - (3.73) 

Q J = ^ ( ^{p,p} > kp,p}] ) ■ 

This proves the last equation of (3.55). 

Case c: Assume that r = T2 as in (3.52). 

We define (3.58) with x(q;) = 1 and we define (3.62) with 

,, , +t' El, (3.74) 

/2,3UJ4 /2,3UJ4 h ^ ' 

s_ =t E2 + t'E^+x'-'^E4, s =t' (3.75) 

/b,6 75.6 h ^ ' -fsUJr /6UJ7' ^ ^ 

where Ei,...,E4 are some matrices to be determined in order that (3.55) holds and where 
x'~'^' denotes the vector 

x'-'^' = {x'-<,---,x'-<). (3.76) 

We shall not give the explicit forms of E'l, i?4 here, but an interested reader can find the 
solutions by considering two special cases of (3.53): (1) Z^s = 0, (2) Dq = (the general case 
is the composition of the two special cases), or refer to [SX] (also, cf. the proof of necessity). 
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Assume that there exits a Hamiltonian Lie algebra isomorphism 9 : H{£,r) — > 

First, we make the following conventions: If a subset of Tl is defined, then we take the 
definition of the corresponding subset of Ti.' for granted. If a property about 7i is given, the 
same property also holds for Ti', without description. 

Clearly, 9 maps Ti^ ,71^ to Ti'^ ,1-1'^ respectively, thus also maps Ai — > M.' by Lemma 
3.2. By Lemma 3.3, we have dim(A^^/A1^) = ^4. This shows that 

i4 = 4- (3.77) 

For simplicity, we assume that ^4 7^ (if ^.4 = 0, using Lemma 3.4 (2), one sees that all 
statements or arguments below either work or do not apply to the case; if lq = 0, then one 
can go directly to Claim 8 below) . Denote 

ri,4 = {aer|(7r(a))j,,, = 0}, (3.78) 

(cf. (3.24) and (2.22)). By Lemma 3.2, there exists a bijection ti : 7r(r) 7r(r') such that 

9{M^) = M'^^^^) for )ue7r(r), and ti(0) = 0. (3.79) 

From this and Lemma 3.4, there exists a bijection r\ri^4 — > r'\r^ 4 which shall be denoted 
by T : a I— > a* such that 

9{x'') = Cax'"* for aer\ri,4 and some Ca e F^. (3.80) 

We shall prove the necessity by establishing several claims. 

Claim 1. There exists a bijection 7i^4 ^ denoted by u : p t-^ p* such that 

9{x-''^) = dpx'~'''p' for p e /i,4 and some dp e F^. (3.81) 
By (3.7)-(3.9) and Lemma 3.3, we have 

{ueM^l [u, Hi U H2] = 0} = spanja;-'"^ | p G /i,4} = {u e \ [u, Hi U H^] = 0}. (3.82) 
Thus by Lemma 3.1, 

{ueM^l [u, T-C^] = 0} = spanja;"'"^ | p G Ii,4. (3.83) 
Let p e /i,4. Then by (3.83), 

9{x-''^) e ^x''""'"- (3-84) 

Suppose 

Oix-''") ^ U ¥x'-<. (3.85) 

By (2.26), there exists a e F^ such that aSp e F. By (3.2), we have 

[x'^p-"^, x-^'p-"^] = 2ax-''''. (3.86) 
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Note that aep — ap, —aSp — Up ^ Fi 4, by (3.81), 

eix"^—"^) e¥x"'\{Q}, ^(x"""'^-"'') e Fa;'^\{0} for some a,^eV'\V[^^. (3.87) 
By (3.2), we have 

[x'", x'^\ = M - (3.88) 

By (3.84)-(3.86) and (3.88), there exist q,r E with q ^ r such that a'^ -\- a -\- (3 — —a'^. 
Thus 

P^-a-a'g- (j;, (3.89) 

and (3.88) becomes 



[a;'", x'f^] = {agTjL + ag)x'-'''^ + (a^r/i + a^)a;'-<, (3.90) 
where in general, for q e Ji^4, we denote 

{1 if g e /i,4, 

-1 if ge7iU/3,4, (3.91) 
if g e 72, 

and we define 77^ similarly (then a'^ = e'g — rj^e!^, cf. (2.23)). By (3.85), both coefficients in 
(3.90) are nonzero. Since 2aep — ap & r\ri 4, we have 

Qf^^2ae^-a,^ G Fa;'^\{0} for some 7 G r'\r; 4. (3.92) 
Prom [a;2o£p-(Tp ,j,-a£p-ap] ^ ^^ae^-aj,^ foUows from (3.87) that 

[x'\x'^]eFx"'. (3.93) 

Thus there exists q' e 4 such that 

7q'/^' - Ig'Pq' 7^ and a^, + 7 + /3 = a. (3.94) 

Hence 

^ — a — P — a'g, — 2a + a'g + — a'g,, (3.95) 
by (3.89). If g ^ g' ^ r, we deduce from (3.89) and (3.95) that 

[x'T, x'^] = (oi^Ty^ + ag)x'<+"'+^ + [drrl- + a^)x"^^+T+^ 
+(7.'/%' - 7^'/5.')^"^^'^'^^ ^ F^'", 



(3.96) 



a contradiction with (3.93). Similarly, if = g or = r, we can still deduce a contradiction 
from (3.89), (3.93) and (3.95). This proves the claim. 

We extend v \.o v : Ji_4 J( 4 such that i/(p) = p* for p e 7i^4. For p e 7i_4, by (2.26), we 



fix ej, e such that 



\p = epSp e r\{0}. (3.97) 
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Then Xp ^ F^^^. Denote A; = T{Xp) (cf. (3.80)). Write 

K = Krv • • • ' Ka^ K,iO ^ C F'^'r, (3.98) 

(cf. (2.20)). For p,q e /i,4, applying 9 to [x^^^x-""] = Sp^gCpX^'^, by (3.80) and (3.81), we 
obtain 

dq{vrK,q' + K,r ) = ^P'l^p ^ ^ ^1.4- (3.99) 

Let Py^q. Applying ^ to = [x^^^x^''] and using (3.99), we obtain 

= A* g,A* g. - A* g.A* g* = A* g*(A* g. + r]^*X*g^g*) = X*p g*dg ^Cq. (3.100) 
The above two equations imply 

A* = for p e /i,4, q e Ji,4, q 7^ P,P- (3.101) 

Denote 

Fp = {Fsp + Fsp) n r. (3.102) 
Exactly to the proof of (3.101), we have 

a*. =0 for ae rp\ri,4, p,q e Ji,i,qy^ p,p. (3.103) 

Claim 2. r : a 1— > a* can be uniquely extended to a group isomorphism r : F — > F' such 
that a* — a'p* for p e Ii^4- 

Noting that by (3.24), (3.25) and (3.78), a ^ Fi,4 implies a + kai ^ Fi,4 for k E Z. For 
any a e F, /3 e Fi with a, /3, a + /3 ^ Fi^4, we have (recall (3.91)) 

(«!(/%+ 7/1) -aj{f3, - l))c„+^_.,x'("+^)* ^ 

- c^c^.^.iaUP - ai)f - (/3 - ai)tOa;'-i*+-*+(^--0*, ^ " 

by applying 9 to (3.2) and by (3.103). By comparing the power of x', this implies 

(a + (3)* ^ a[. + a* + ((3 - ai)* (3.105) 

if a, /5 satisfy 

/3eFi, a, /3, q; + /3 e F\Fi,4, and q;i(/%+ ttt) - q;y(/3i - 1) 0. (3.106) 
Let a G F\Fi^4. We prove by induction on \k\ that 

(ka)* - ka* e P;, where F[ = {/3 e F' | /3g = for 5 G Ji,4, g ^ T, T*}. (3.107) 
Let 7 G F such that 7, a + 7 ^ Fi^4. We have 

J2 - «^p)c,,+„+^a;'(--+"+^)* = c,,c^ ^ (a;.7;* - a;,7;0^"^*^"*^^*- (3-108) 

We inductively assume that (3.107) holds for k (for instance, k — 1). Let ^ — ka + P ior 
some suitable /3 G Fi such that condition (3.106) holds for all the involved pairs for which 
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we need to make use of (3.105) in the following proof (when a, k are fixed, by (2.26), such f3 
exists), by (3.107) (note that we assume (3.107) holds for k), (3.105) and (3.103), we see that 
all terms in (3.108) vanish except the terms corresponding to p = 1 in both sides. Thus we 
obtain 

a[. + {{k + l)ar + /3* = (ai + (k + l)a + /S)* 

= a[, +a* + {ka + (5)* = 2a[. + a* + {ka)* + (/? - (7i)*, ^ ' ' 

where the first and last equalities follow from (3.105) and the second follows from (3.108). 
From this we see that (3.107) holds for A; + 1. This proves (3.107). Now replacing a by ja 
(with j ^ 0) and {3 hy ka + jS — ai m. (3.108) (with suitable (3 e Fi), since (3.107) holds, we 
have again that all terms in (3.108) vanish except the terms corresponding to p = 1 in both 
sides. Thus we have similar formula as in (3.109): 

{{j + k)a + (3)* = 2a[, + {ja)* + {ka)* + (/3 - 2a i)* . (3.110) 

From this we obtain 

{jaf + {kay = {j'af + {k'af ii j + k ^ j' + k\ j, k, /, k' ^ 0. (3.111) 

From this we obtain 

(ja)*=ja* for a e F\Fi,4,i G Z\{0}. (3.112) 

For some suitable /3 e Fi, by (3.105), (3.110) and (3.112), we have 

a[. + {ja + (7i)* + (/? - 2(7i)* = {{ja + en) + {{3- ai))* 

= {ja + 13)* = 2a[. + ja* + (/? - 2(7i)*. 

From this we obtain 



(3.113) 



{ja + ai)* = ja* + a[, for a e F\Fi,4, j e Z\{0}. (3.114) 
Now take any a, 7 e F such that 

a, 7, a + 7 G F\Fi^4 and q;i7y — aj^i 7^ 0. (3.115) 
Using (3.114) in (3.108), by comparing the term ^'^^^i in both sides, we obtain 



[a 



+ 7)* = + 7* + fcS(<* - ^1*), where 



Ci'' (3.116) 
k^l = 0, 1 such that ^ 1- 

We claim that {a + 7)* = a* + 7* if the pairs (a, 7), (20,27) satisfy (3.115). Assume that 
k^^l = 1 for some o e /i 4. Then we obtain 

(2a)* + (27)* + k^l,2M* - ^iO = (2« + 27)* = {2{a + 7))* - 2(a + 7)* 

= 2(a* + 7*+ 5^ A.S(a;.-a;0), 
pe/1,4 
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from this we obtain /c2a,27 — "^kajy > 1, which is a contradiction to (3.116). 

For any a, /3, a + /3 e r\ri^4, we can always choose 7 e r\ri^4 such that the pairs 

{a + A 7), {2a + 2(3, 27), {a, /3 + 7), {2a, 2(3 + 27), {(3, 7), {2(3, 27), (3.118) 

satisfy (3.115). Hence 

{a + (3y + j* = {a + (3 + 7)* = a* + {(3 + 7)* = + + 7*, (3.119) 

which shows 

{a + (3)* ^ a* + (3* for a, (3, a + (3 E r\ri^^. (3.120) 

This shows that r can be uniquely extended to a group isomorphism r : F — > F' such that 
= and so similarly cr* = a'p* for p e 7i^4. This proves the claim. 

Claim 3. We have z/(/j) = /; for i = 1, 2, 3, 4. In particular, (£1, £2, 4, 4) = (^'1, 4, 4, ^4), 
7i = for i = 1, 2, 3, 4, and ap = a'^, rjp = rj'p for p e /i,4 (cf. (2.23) and (3.91)). 

Note that etd^-ap is a semi-simple operator on Tl if and only if p e /i,2 (cf. (3.3)). Thus 



Denote 



^{h,2) ^ I[,2, and SO u{h,4) ^ 13,4- (3-121) 

(3.122) 



Af ^{uen\[u,M]GM} 

— A4 + spanjx"'- \ a — a^ , \i\ — 1 or i — \, 

J\fo^ M + {ueJ\f\ [x-^p, li] = for p e 7i,4} 



Al + span{x"'^% x"'^ I a = a^^^, g e /g^e, J = J _ , , }, 



(3.123) 



-/6UJ7' 

^fp = M + span{M G A/" I [x-"", u] = 0} for p G /i,4. (3.124) 

Then A/q is a Lie algebra and M is an Ao-module such that J\fp is a submodule for p G /i,4. 
Note that the quotient module M /Mp is zero if p G /i, is a cyclic Ao-module (with generator 
tp) if p G /2,3, and is not cyclic (with two generators tp,tp) if p G I4. Applying 9 to the above 
sets and by (3.121), we obtain the claim. 

Using Claim 3 and (3.54), by replacing Ti by 6y{l-i) (cf. (3.54)), we can now suppose v = 1. 

Claim 4. There exists A = diag(yli, ...,A^^) G GL2H, where 

■^P = ( 1 1 X ) . = ( I I ) e GL. (3.125) 

for p G Ji U /3,4, q G /2, such that a^^-^ = a{p^p}Ap for a G F\ri_4, p G /i,4. 
Using that r is a group isomorphism and applying 6 to 

x"] = {ap + 77pQ;p)x" (3.126) 

(cf. (3.3) and (3.91)), by (3.80) and (3.81), we obtain 

dp{a^ + %Q;p) = % + if ap TTpOip 7^ 0, a G F\Fi,4, p G /i,4 (3.127) 
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Comparing the coefficients in (3.108), we obtain 

(ttp7p - "p7p)cap+a+7 = CaC^(a*7p - a^'j*) if ap7p - apjp ^ 0, a, 7, a + 7 G r\ri,4. (3.128) 

Suppose q;±7 ^ ri^4. Replacing 7 by —7 in (3.128), and dividing tfie result from (3.128), we 
obtain 

C—jC^ — Co-p+Q;-7C(^p_|_Q_|_^ = Cq— -yCQ_|_^. (3.129) 

In particular, by taking 7 = (7p + Ap (recall (3.97)) and replacing a by a + ap + Xp, we obtain 
that 

C-ap-XpCa+2ap+2Xp = CaC^p+Ap, (3.130) 

holds under some conditions on a (these conditions are linear inequalities on ctp, ctp). Setting 
7 = (7p + 2Xp in (3.128) and using (3.130), we obtain 

{ap{-r)p + 2ep) - 2ap)c-_l_^^ = <+,^c,p+2A, («;(-%+ 2 A;^) - ^^(1 + 2A;,)), (3.131) 

holds under some conditions on a. Recall from (3.91) that % = if p e I2 and rjp — —1 
otherwise. Noting that when p is fixed, all coefficients (such as X* p) of ctp, ap, a*, appearing 
in (3.127) and (3.131) are constant. Prom (3.127) and (3.131), using (3.99), we can solve a*, 
as linear combinations of ap,ap with the coefficient matrices as required in the claim (i.e., 
as shown in (3.125)); furthermore, we have bp = d~^. Since r is a group isomorphism, the 
condition on a can be removed, i.e., the claim holds for all o; G F. 

Claim 5. In (3.125), = if p e /a. 

Let p e I3. We write 9{tp) = btp + ^(o,ej,)^{f3,j)eT'xj' hj^'^- some b, bpj e F. Then we 
have 

apc^+,^x"'*+''- = e{[tp, x"]) = bCo,a;x"'*+''- + ... (3.132) 
for a e r\ri^4, where the missed terms do not contain x'°'*'^"'p. Thus by (3.125), we have 

oipCa+ap = bcaittpap + (1 - ap)ap). (3.133) 

Hence 6 7^ 0. Take 7^ ct e Wsp n F (then a ^ Fi^4), we obtain Op = 0. This also proves (3.43) 
and (3.44). 

Claim 6. Denote a — X^^gj^^ (Jp. For any a e F with Uj^^ ^ cr, we have ^(x") = Cax'"'* 
for some e F^. 

Assume that a e Fi^4 with Oij^^ ^ a. Then by (2.26), we can always choose (3 — 
PpSp + l^pSp e F\Fi_4 for some p e /i,4, such that 

a = (5p{ap - (3p + r]p) - (3p{ap - (3p - 1) ^ 0. (3.134) 

Then I3,a — (3 — Up ^ Fi^4 and (3* e F^ (where F^ is a similar notation as in (3.107)). We have 

^(x") = a-'e{[x'\x''-^-''^]) = a-\pc^_p_^y^\x"^'-'^'-''^] e Fa;'"*. (3.135) 
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By (3.7) and Lemma 3.1, we have 



9{tp) e n'^^ C span{H[ U H'^) = ^ Fx'""' + ^ Ft; + H^^, (3.136) 



'5,6 



for p e I^^Q. Thus, using notations (2.22) and (3.76), we have (also recall notations (3.60) and 
(3.61)) 

d-\trj ^ {x-ni,,,F, + tj^ F^ (mod H,), (3.137) 

for some 

^1 = («P.9)pe7i.4,q67;,6 ^ ^Mx(4+^^), (3.138) 

^2 = (&P,.),,7,,„,,7^,,eGL,,+,„ (3.139) 

(in particular £5 + = ^5 + ^e)- 
Claim 7. We have 



a. 



P:9 



if pG/3,4, (3.140) 



= if p ^ /s, g e /s, (3.141) 

which implies (£5, ^e) = (-^5, -^e) — A' i = 5, 6. 

Note that the center of is C = {x" e F I a = a, }. Denote the centralizer Cn(C) — 
{u eH\ [u, C] = 0}. It is straightforward to check that 

{tp|pe/2,3U J4U/6} cCh(C) Cspan{a;"'^|i_ =0}. (3.142) 

-75,6 

For p e /i^4, (3.142) implies that ad^j-^p is semi-simple if and only if p e 7i_2, and 

adtjcnic) is semi-simple for q e by (3.142) and is not semi-simple for q & Iq. Moreover, 
by (3.1), for p e I^^q, a,dtp is semi-simple if and only if p e 75. We obtain the claim. 

By (3.140) and (3.141), we can write Fi and F2 is the forms 













I ^2,5 


B2,6 


1 , F2 




^ 


BsfiJ 





-85,5 -85,6 

^6,6 



(3.143) 



such that all Bij have the forms in (3.46) and (3.48). 
For any a e F, we denote 

(aj + rfYai,...,a-,^+rti4a,^) e (3.144) 
(cf. (3.91)). For a e F\Fi,4, applying 6'^ to 

(cf. (3.4)), using (3.137), and noting that [i^s, Al] = 0, we obtain 

al X = [(^"')/i,4^i +^75,6^2, a;"] = (SFi + a,^^F2)x", (3.146) 
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that is 

<6=«^l + «75,e^2, (3.147) 

holds for all a. e r\ri^4 and so holds for all a e F since r : a i-^ a* is an isomorphism. Prom 
this and (3.143), we obtain formulas (3.43)-(3.48) (cf. (3.49)). 

Claim 8. ^^ = f^. 

Observe from (3.9) that 

= CniM) ( the centralizer of M), (3.148) 

span{.-.i e I = 0} = C(H,) ( the center of H,). (3.149) 

By exchanging H with H' if necessary, we can suppose £7 < £7. As in the proof of sufficiency, 
we can construct an embedding 9 : Ti ^ Ti' such that 

e{x^) = e{x-), e{tjJ^o{tjJ (modH;,), (3.150) 

(cf. Claim 6 and (3.137), note that using (3.137), we can now obtain that Claim 6 holds for all 
a e r if £5 + ^6 7^ 0). Thus by identifying H with 9{H), we can assume that is a subalgebra 
of Ti' such that there exists an isomorphism 9 satisfying 

^(x") = x", 9{tp) = tp (mod H'^) for aeT,pe 4,6. (3.151) 

By restricting 9 to H^, we want to prove 

9{tp) = tp + Cp for p E Iq and some Cp G F, (3.152) 

9{x''ki)^x''ll{9{tp)y'^l[{9{t,)y^ for a = = i,,,; = j^^. (3.153) 

To prove (3.152), first by (3.149), we have Cp = 9{tp)-tp e C{H!i). Then by (3.151), we have 

[%, Cp] = 9{[9-\t^),tp]) - [%, tp] = 0, (3.154) 

where the second equality follows from the fact that 9~^{tq) = tg{modH^) and [H^jtp] = 0. 
From (3.154), we obtain that Cp e F. Thus we have (3.152). Similarly, we have 

6l(a:"'^^) = x'^itp + Ca,p) for p e Iq and some Ca,p G F. (3.155) 

By considering 9{[x°',tptp]) = [9{x°'),9{tptp)], we see that Ca,p = Cp, and we obtain 

9{tptp) — (tp + Cp)tp + Up for p E h and some Up e C-h'{C{H'^)). (3.156) 

From this and (3.152), we can deduce 

9{x'''^^) = x^'itp + Cp) for p e Iq. (3.157) 

Similar to (3.156), we have 

^ x-''p''p(tp + Cp) + u'p for peh and some u'^ e Cn'{C{H'^)). (3.158) 
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Now from (3.152), (3.155)-(3.158), we can obtain (3.153) by induction on \i\ in case j — 0. 

Assume that (3.153) holds for all j with \j\ < n, where n > 1. We denote by ^a,i,j the 
difference between the left-hand side and the right-hand side of (3.153). Then the inductive 
assumption says that Aa^ij = if |j| < n. Now suppose \j\ — n. Say jV > 1 for some r & 
(the proof is similar if r e I7). Let k = j — er + Sr- Then we have 

[0{tr),A^,,,k] = 0{[tr, X'^'H!^]) - ei[tr, r^(x")]) (^fe))^^ H (^(^^))''' 

peh q&Jj (3.159) 

p&h q&Ji 

— {jr + ^)Aa,i,]_-er = 0) 

where the first equality follows from (1.1), the second equality follows from (1.1) and (3.151). 
By (1.1) and (3.159), we obtain 

WD.A^^i^k] = e{[tl, r^(^„,i,fc)]) = 2e{tr[tr, r^(A,,,,,)]) = o. (3.160) 

On the other hand, exactly similar to (3.159), we have 

[e{tl),A^,,,k\ = 2{jr + l)A^,i.3_- (3-161) 

Now (3.160) and (3.161) show that Aa,i,j^ = 0. This proves (3.153). By (3.152), (3.153) and by 
identifying C{Hs) with C{H'^) using the isomorphism, we see that 9 is an associative algebra 
isomorphism H3 — > over the domain ring C{H^). Prom this we obtain ^7 = £7 since 2^7 
is the transcendental degree of H2, over the domain ring C{Hs). This completes the proof of 
Theorem 3.6. I 

4. Derivations 

In this section, we shall determine the structure of the derivation algebra of the Hamiltonian 
Lie algebra Ti. — H{i,r). As pointed in [F], the significance of derivations for Lie theory 
primarily resides in their affinity to low dimensional cohomology groups, their determination 
therefore frequently affords insight into structural features of Lie algebras which do not figure 
prominently in the defining properties. Some general results concerning derivations of graded 
Lie algebras were established in [F]. However in our case the algebras are in general nongraded, 
the results in [F] can not be applied to our case here. Thus we try a different method to 
determine derivations of the Hamiltonian Lie algebras 7i. Our method is also different from 
that used in [OZ]. 

Recall that a derivation d of the Lie algebra is a linear transformation on Ti. such that 

d{[ui,u-^) = [d{ui),U2] + [ui,d{u2)] for ui,U2 G Ti,. (4.1) 

Denote by DerTY the space of the derivations of Ti,, which is a Lie algebra. Moreover, ad-^ 
is an ideal. Elements in ad-^ are called inner derivations, while elements in Der'^^\ad'^ are 
called outer derivations. 
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We can embed Ti into a larger Lie algebra Ti such that Ti has a basis {a;"'- | (a, i) e FxN^'^''} 
(i.e., in we replace J by N^^^, cf. (2.27), and we have (3.1) with the last three summands 
running over p G hfi, p G /i,4 and p & I respectively). Then for p e Ji U 12,3 U I5, clearly, 
tp ^ n, but [tp, H] C H. Thus 

dp = adtj7< for p e Ji U 72,3 U h, (4.2) 

defines an outer derivation of Ti. For p G 12,3 U J4 U J5 U Jgj, obviously, (9^^ is a derivation of 
7i (cf. (2.27), (2.35) and (3.1)). For p G J, we define sgn(p) = 1 if p G / and sgn(p) = —1 if 
p G /. Then 

dt^ = sgn(p)adt_ for p G Is U Jqj. (4.3) 

Define do{x"'-) = (^^^j-^ 4 '^p + 1)^;"'- for {ct, i) G F x JT". It is straightforward to verify that do 
is an outer derivation of H. Denote a = X^^gj^^ <Jp. If L7 = ii, then 7i = [TC,TC] + Fx'', and 
we can define an outer derivation d'Q by setting 

d',{[n,n])^o, d(,(0 = iw. (4.4) 

If 67 7^ £1, we set dp = 0. 

We denote by HomJ(F, F) the set of group homomorphisms fi : T ^ ¥ such that /^(crp) = 
for p G /i,4. For G HomJ (F, F), we define a linear transformation d^ on 7i by 

d^ix""''-) = //(q;)x"'^ for (a,!) G F x J. (4.5) 

Clearly, by (3.1), d^ is a derivation of H. We identify Hom2(F,F) with a subspace of DerTi 
by /X I— >• d/^. For p G /i,6, we define /ip G HomJ (F, F) by 

r% + 77pap if p G /i,4, 
L ftp if p G hfi, 

for a G F (cf. (3.91)). By (3.3) and (3.4), we have 

{dfip if P e h,2, 

d^^p + dt^ if p G /3, (4.7) 

o^mp + - % if P e /4, 

ad.,= {-^'" . ' 'I'; (4.8) 

I -d^,^ - dt^ if g G Iq. 

We fix a subspace Hom2(F, F) of HomJ (F, F) such that 

Hom+(F, F) = Hom* (F, F) span{Atp | p G h^, (4.9) 

is a direct sum as vector spaces. Since adp = 0, we set Ti* = spanja;"'- | (0, 0) 7^ (a,i) G Fx J7}. 
Theorem 4.1. T/ie derivation algebra DerTi is spanned by 

do: dp, dt^, d^, adn* for p G {0} U Ji U 72,3 U /s, ? e ^2,3 U J4, G Hom^{r, F). (4.10) 
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Furthermore, we have the following vector space decomposition as a direct sum of subspaces: 
DerH = ((F^ + ^^f) ® Yl ® Hom^{T, F) ) © adn*. (4.11) 

In particular, all derivations of the classical Hamiltonian Lie algebras 'H{£) (cf (1-3)) are 
inner. 

Proof. First note that in [OZ], do was written as a derivation of the form d^ with /x satisfying 
/x((Tp) = /i(cri) for p e /i,4. Let d e DerTY and let be the subspace of DerTY spanned by the 
elements in (4.10). Note that D D HomJ(r,F) by (4.7) and (4.8). We shall prove that after 
a number of steps in each of which d is replaced hj d — d' for some d' & D the derivation is 
obtained and thus proving that d & D. This will be done by a number of claims. 

Claim 1. We can suppose (i) d{l) = 0, (ii) d{x'''^p) = for p e 73,4, (iii) d(x^«) = d{tr) = 
for q e 15,6, r e Te U J7. 

By replacing dhy d — d{l)do, we can suppose d{l) — 0. For any (a, i) e F x J", we write 

(i(a;«'i) = J2 cffx"^'^'^- for some c^ff e F, where (4.12) 

Ma,i = {(/3, j) erxj I ci^f ^ 0}, (4.13) 

is a finite set. We set c^ff = if (/3, j) ^ M^^i. We shall denote Ma^Q simply by M^- Using 
inductive assumption, suppose we have proved that d{x~'^'^) = for r e 73,4 and r < p. Let 
{P,j) e M^cTp- Using (3.3), one can deduce by induction on \j\ that 

x-^p+i^^ = [uf^j^x'""] for some upj^H, (4.14) 

such that Ujsj has the following form 

= Yl bk,iX-''-+P'i+^'-+^'^ for some bk,t G F, (4.15) 

(recall convention (2.34)). Thus we can take 

^ c!f;;_o'"/3j e ?^ such that {d - aAu){x-''^) = 0, (4.16) 

Applying d to [x^'^'' , x'~'^p\ — 0, we obtain 

E c!i;,o[^"'^^^"'^''+^'^] = for re/3,4, r<p, (4.17) 

i.e., 

C-a;,o(/^r - /3r) - C_,;,o (jr + 1) + C_-^,Q [jr + 1) = 0, (4.18) 

for r G /3,4, r < p, from this and by induction on jV + jV ranging from max{kr + kr \ G 
M_(^p} down to zero, we obtain 

Pr = jr = Jr = for (/3, j) G M_^^, r G 73,4, r<p. (4.19) 
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Then (4.15), (4.16) and (4.19) show that ad„(a;~'^'') = for r G /3,4, r < p. Thus if we replace 
d by d — ad„, we have d{x~'^'') = for r G 13,4, r < p. This proves Claim l(ii). Note that 
for V = x'^'i , q E h^, or v = tr, r & IqU J7, we have ad„(7i) = 7i. Thus similar to the above 
proof, we have Claim l(iii). 

Note that for (/?, j) G T x J, by (3.3) and (3.4), we have 

Wp + rijjl3p)x-''^+'^'^ = [x-'^'^+^'i, x-''^] for p G /i,2, (4.20) 

{-l+Pp)epX^^+'^'i^[x-''^+'^'i,x^^]+jpX^^+'^'i-'^ for p G /i,4, (4.21) 
(recall notations Xp, p G /i,4 in (3.97)), and 

/3pX^^i=[x^'l,tp] for pG/5. (4.22) 

Claim 2. By replacing dhj d — d' for some G D, we can suppose 

/^ + %/3p = for (/3,j) GM_,^,pG/i,2, (4.23) 

/5p = l for (/3,j)gMa„pG/i,4, (4.24) 
/?p = for (/?,j) eMo,e-,pG/5. (4.25) 
The proof of (4.23) is similar to that of Claim 1. To prove (4.24), suppose we have proved 

(3r = 1 for {(3,jJ eM^^,ie h,4, r < p. (4.26) 

To see how the proof works, for simplicity, we assume that p G /i (the proof for p G /2,4 is 
exactly similar). Then the second term on the right-hand side of (4.21) vanishes. Let 

^= E cfJ((-l + /3p)ep)-^x-'^^+^. (4.27) 

Then by replacing d by d — ad„, from (4.21), we see that (4.24) holds for p. We want to prove 
that after this replacement. Claim 1, (4.23) and (4.26) still hold. It suffices to prove 

[u, X-"''] = [u, xV] = [-u, tqn] = [u, x^"-] = 0, (4.28) 

for q G /i,4, q' £ -^5,6, q" G Te U J7, r G /i,4, r < p. 
We have 

-ep E CxSx^^^''-=-^vd{x>^') = d{[x-'^\x^^] 

^''^^'""^^ (4 29) 

- E E c'^S{^-^-ep)x'^-''l 

This gives 

/3,-/^=(cfJ)-i(/?,-l)c5i£o for (/3,j)GM,^. (4.30) 
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If ^ M_^^, then the right-hand side of (4.30) is zero; on the other hand, if {P,j) G M.^.^, 
then (4.23) gives Pp — (3p — 0. In any case, we have Pp — (3p — ior (/?, j) G Mx^,. Thus by 
(4.27), 

[u,x-'^^]= Yl c^^{{-l + Pp)epr\^-^x-'^^+^ = 0. (4.31) 

Similarly, we can prove other equations in (4.28). This proves (4.24). Similarly, we have 
(4.25). 

Claim 3. By replacing d hj d — X^peJiu/g 3U/5 ^p^p ~ '^i^ ^'^^ some ap E ¥ and some 
II e HomJ(r,F), we can suppose d^x'^'p) = d^x^i) = d{tr) = for p G /i,2, q G /i,4, r G I5. 

Again for simplicity, wc prove that after some replacement, d{x^^p) = d{x^p) = for 
p G Ji. Defining n G HomJ(r, F) by fi{a) = c^°' Q''e~^(«p — ttp), and by replacing d hj d — d^, 

we obtain c^^'g* = (recall (4.12) that cff is the coefficient of x'^^^'i, not that of x^'i-). 
Obviously, this replacement does not affect the result we have obtained so far. Recalling the 
definition of dp in (4.2), we have 

dpix-"'') = [tp,x-''''] = -1, dpix-"'') = 1, dp{x^'') = epx'^p+^p, dp{x^p) = 0. (4.32) 

Thus by replacing dhy d — Gpdp — apdp for some Op, ap G F, we can suppose 

c'Zl'i - cl-'^' - = 0, (4.33) 

Note again that the replacement does not affect the results we have obtained so far. 

Let q e h, q p. We have 

= ci([x-^a;-«]) = 5^(ci£o(/%- + c^fZ^'-iPp ' Z^))^"'^^^^'^, (4-34) 

= d{[x-^p, x'^]) = Y.{c^%^e, + cj;7^-'^-^\/?p - f3p))x-^^'^^^P^^^'l. (4.35) 

Now (4.23), (4.34) and (4.35) show that /3g = /^^ = if (/3, j) G M_„^. Similarly we can prove 
p^ = jr = for all r G J, r ^ p,pii (/3, j) G M_^^. This and (4.30) show that (/3, j) = (dp, 0) 
if (/3, i) G M_^^. But ((Tp,0) ^ M_^^ by (4.33), i.e., M_^^ = 0. Thus dix'^^) = 0. Similarly 
d{x^p) = 0. Analogously, we can obtain other results of Claim 3. 

Claim 4. We can suppose d = 0. 

Note that is a common eigenvector for the elements of the set 

A = {x-^p, x'\tr\pe /i,4, q G /5,6, r G Ts.e U J7}. (4.36) 

Since d{A) = 0, (/(a;") is also a common eigenvector for the elements of A. From this and 
Lemma 3.2, we obtain 

ripPp + Pp^Pq^O, 1^0 for p G /i,4, q G /s.e and (/3, j) G M«. (4.37) 

For simplicity, we denote c^£^ = cf,o^- We want to prove 

d(x°) = niax"' for q; G r and some rUa G F, (4.38) 
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i.e., Ma is either empty or a singleton {(0, 0)}. Thus assume that 

(3p^0 for some {/3J) e Ma, p e /i,4, a G T. (4.39) 

For convenience, we again suppose p e h. Denote Tp — (Fep + Wep) fl F as in (3.102), and 
set Hp — span{x" | a e Fp}. We have 

d{x'^) e Hp for a e Fp, (4.40) 

by using the fact that commutes with elements of A except possibly x'''^p,x^^. By (4.37) 
and by 

= d{[x-'^--'^,x'^]) = [d(x-'^--'^),x'-] = Yl C-i-A/p^^ (4-41) 
and by (4.40), we obtain 

d{x~'^p~^p) = apX~^^, d{x^p~'^p) = -ttpX^^ for some ap e F, (4.42) 

where the second equation is obtained from d{[x~"'p~^p , x^p~"'p]) = 0. Applying d to 

[x-^"^ , x^^] = -2epX-''''+^^ , [x-^"'' , x-"^-^''] = 2epX-^''^-^'' , (4.43) 

we obtain respectively 

d(x-2'^'') = -2apa;-'"^ ^(a;-^^^-^'') = 0, Op = 0. (4.45) 

Thus all equations in (4.42) and (4.45) are zero. Applying d to [x'^p~'^p , x^^p] — — /cx^'^+^^'^f , 
using induction on /c, we obtain 

d{x''^p) =0 for A; > 1. (4.46) 

Applying d to 

[x", x-^'^-] = 2{ap - ap)a;"-"^ [x", a;""''-^^^] = (a^ - - kapep)x''-''^\ (4.47) 

, x*^^^] = kapCpX^'-^'^p , (4.48) 

for /c > 1, using (4.37), we obtain 

2{ap - ap)cf = 2(ap - ap)c2,^, (4.49) 

{ap -ap-k{ap + (3p)ep)c'£^ = {a^ - ap - kapep)c'a-k\j,^ (4-50) 

k{ap + /3p)epcJ2feA^ = kapCpcfl^^. (4.51) 

If ctp 7^ ttp, then the above three equations gives (3p — 0, a contradiction with (4.39). Thus 
we obtain 

Pp ^ 0, (/3, 0) e M« =^ ftp = ftp. (4.52) 
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Replacing a by a — ap in (4.51), it gives 

(a, - l)cf = (a, - 1 + P,)ci\_,^. (4.53) 

Noting that for a' = a — ap — Xp, we have a'^ ^ a'^. Assume (/9, 0) G Ma- If (/5, 0) G Ma', 
then (4.52) shows that Pp = 0, again a contradiction with (4.39). Thus {(3,0) ^ Ma' and 
the right-hand side of (4.53) is zero. This and (4.52) show that = ap = 1. Note that for 
a" = a — kXp, k > 1, the relation a'^ = a'^ = 1 does not hold, thus the right-hand side of 
(4.50) is zero. We obtain ap + (3p = 0. Hence 

ap^ap^ -(3p = -/^ = 1 if /3p 7^ 0, {(3, 0) G M«. (4.54) 

If Oij^^ 7^ a (cf. (2.22)), say {aq,a-q) ^ (1,1) for some q & h, Q ^ P- Suppose aq ^ 1 (the 
proof is similar if a-g ^ 1), then we can write 

= ((aq - l)eqy^[x'^-''''-^''+''^,x^''~''^]. (4.55) 

Since for a' = a — aq — Xq + ap or Xg — ap, the relation o'^ = a'^ = 1 does not holds, we have 
/5p = if (/3,0) G M„/. Then applying d to (4.55) gives that /9p = if (/3, 0) G M„, which 
contradicts (4.39) again. Hence 

^ — cr, and (3 — —a, (4.56) 
by (4.37) and (4.54). If ^ + 4 + £7 ^ 0, we can write 

f {aq + fc)-i[x"+'^^+^^^ for q G hfi, keZ, aq + kj^O, 

x°' = < , , , ' (4.57) 

J^a+ap,£.^^-ap,£-] for r G /y. 

Note that for 

("',i') = (a -h CTp + feq, 0), {-ap - keq,eq), {a + ap,er) or (-crp,£r), (4.58) 

the relation a'p — a'^ — 1 does not holds, one can prove as above that /3p = if {P, 0) G M^'^i'- 
Then applying to (4.57) gives that /3p = if (/5, 0) G M^, which again contradicts (4.39). 
Hence + ie + £7 = 0. Similarly, one can prove 4 + 4 + 4 = 0. But then = ii, and we 
can replace d hj d — c^^d'^ (cf. (4.4) and (4.56)), so that ci'^^ becomes zero. This proves that 
the assumption (4.39) does not holds. Thus we have (4.38). 

Now we prove 

d{t^) = if i = ij^- (4.59) 

By Claim 1, we can suppose |i| = n > 2. Assume that we have proved (4.59) for \i\ < n. Then 
d{[v,t-]) = for V E A. From this, wc obtain d{t-) G Fl^^. Suppose ip > for some p G I7. 
Then f- = {ip+ l)-^[t2, ti-=p+=p], and \t-ep + %| = n, thus d{t^) G [F, t^-^f +=5^] + [t^,F] = 0. 
Similarly, by replacing d hj d — d' for some d' G Ylqeh 3UJ4 (which does not affect the 
results we have obtained so far), we can suppose 



d{x'^''-) = ruax'^''- for a G T, i = i^^, (4.60) 
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and 

d{tp) = d{tl) =0 for pe l2,3 qel5^ Jq. (4.61) 

Note that Ti is generated by elements in (4.60) and (4.61), thus we obtain that (4.60) holds 
for all (Q;,i) e F x J". Prom this and (3.1), one can easily deduce that 

/X : a I— > rria is a group homomorphism such that 11 e HomJ(r, F) if iy ^ ii. (4.62) 

Assume that = £1. Then by (3.2) and (4.38), we have 

rria + mp^ ijia+p+ap if ocpPp ^ ap(5p and a, /3 e T, p e 7i,4. (4.63) 

By (4.42), (4.45), (4.46), and by induction on + |j|, one can prove 

ma^+jXp = for i, j eZ, pe h,4- (4.64) 

Prom this we want to prove 

rua = nia+icTp+jXp for a G F, i,j e Z. (4.65) 

By replacing a by some a + dp if necessary, wc can suppose {ap,ap) 7^ (0,0), (1,1). By 
(4.64) and by [x", x^^^'^^^p] = {ap{i + jXp) - iap)x"~^^'+'^^'^p+^^p, wc obtain = rria+iap+jXp 
if ap{i — 1 + jCp) 7^ (i — l)o(p, from this, one can deduce (4.65). Now from (4.63) and (4.65), 
we obtain (4.62) again. Thus by replacing dhy d — d^, we have d — 0. This proves Claim 4 
and also (4.10). 

To prove that (4.11) is a direct sum, suppose 

d = a^dQ + ^ ttpdp + ^ bqdt^ + c?/x + ^ c«,iad^a.i, (4.66) 
pe{o}uJiu72,3Ui"5 gGi'2,3UJ4 (o,o)7^{Q,i)grx:7' 

is the derivation. Applying d to AU {l,tp \ p G /2,3 U J4 U Iq} (cf. (4.36)), we obtain that 
all coefficients are zero except a^. Thus d = agfio = 0. By (4.4), we obtain either Oq = or 
d'^ = 0. Thus (4.11) is a direct sum. I 

5. Second cohomology groups 

In this section, we shall determine the second cohomology groups of the Hamiltonian Lie alge- 
bra Ti. = 7Y(£, r). It is well known that all one-dimensional central extensions of a Lie algebra 
are determined by the second cohomology group. Central extensions arc often used in the 
structure theory and the representation theory of Kac-Moody algebras [K3]. Using central 
extension, we can construct many infinite dimensional Lie algebras, such as affine Lie algebras, 
infinite dimensional Heisenberg algebras, and generalized Virasoro and super- Virasoro alge- 
bras, which have a profound mathematical and physical background (cf. [K3, S1,SZ]). Since 
the cohomology groups are closely related to the structures of Lie algebras, the computation of 
cohomology groups seems to be important and interesting as well (cf. [J, LW, SI, S2, S3, SZ]). 

Recall that a 2-cocycle on Ti. is an F-bihnear function j/j : H x H ^ ¥ satisfying the 
following conditions: 

'4^{vi,V2) — —ip{v2,vi) (skew-symmetry), (5-1) 

i^iivi, V2\,V3) + i^iivi, V3\,vi) + i^iiva, Vi\,V2) = (Jacobian identity), (5.2) 
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for ^1,^2,^3 G H. Denote by C'^{H, F) the vector space of 2-cocycles on H. For any F-linear 
function f :H one can define a 2-cocycle -0/^8 follows 

ipf{vi,V2) = f{[vi,V2]) for vi,V2eH. (5.3) 

Such a 2-cocycle is called a 2-cohoundary or a trivial 2-cocycle on Ti. Denote by B^(TC, F) the 
vector space of 2-coboundaries on Ti. A 2-cocycle is said to be equivalent to a 2-cocycle ip 
if — ■0 is trivial. For a 2-cocycle ip, we denote by the equivalent class of ip. The quotient 
space 

H^{n, F) = C2(H, ¥)/B^{n, F) = {the equivalent classes of 2-cocycles}, (5.4) 

is called the second cohomology group of Ti. 
Lemma 5.1. 7/^7 ^ £i, then H^{n,¥) = 0. 

Proof. Let -0 be a 2-cocyclc. Say £4 7^ (the proof is exactly similar if £j 7^ for i 7^ 1,4). 
We fix p e 74. Define a linear function / by induction on ip as follows: 

l(ip+l)-V(V2^"''+'^) if% = 0, 

for (Q;,i) e r X J^. Set = V - V'/- Then (5.5) shows that 

(pitp, x"''-) = for (a,i) e r X J. (5.6) 

Using Jacobian identity (5.2), we obtain 

= (/.(tp, x^'^]) = (ap + f3p)(t>ix"'\ x'^^l) + ^p0(a;"'^-^^ x^^^l) + jp0(x"^ x'"'^"^?^), (5.7) 

for {a,i), {f3,j) eT x J. If -|- 7^ 0, by induction on ip + jp, we obtain 0(a;"'-, x^'^) = 0. 
On the other hand, if + — 0, then (5.7) gives 

(/)(x"'^ x^'^) = -ip(ip + 1)- V(^"'^+'^, x^'^~'^), (5.8) 

and by induction on jp, we again have 0(a;"'-, a;'^'^) = 0. Thus = 0. I 

Assume that lj = ii. Denote a = ^^g/^ (Jp, and we use notation HomJ(r,F) as in (4.9) 
(cf. (4.6)). We construct 2-cocycles 0p, 0^, 0^ for p e 7i, e HomJ(r,F) as follows: 

0p(x", x^) = Q;p(5a+^,(,_(,p, (5.9) 

0^(x", X^) = Q;p5a+/3,a-(Tp, (5.10) 
0^(x", X^) = //(Q;)5a+/3,(„ (5.11) 

for a,P eT. It is straightforward to verify that they are 2-cocycles (cf. [J]). From the proof 
of Theorem 5.2 below, one can see why we construct such 2-cocycles. 

Theorem 5.2. (1) H'^{n,¥) = i/tr 7^ -^i/ (2) if 17 = ii, then H'^{n,¥) is the vector space 
spanned by B — {[0p], [0^], [0J \ p E Ii, /i E 77om2(r,F)}. Furthermore, for ap,bp E ¥, /i E 
Hom^{r,¥), we have 

^(ap[0p] + bp[<f>'p]) + [0^] = ^ ap = bp = ii = 0. (5.12) 
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Proof. (1) follows from Lemma 5.1, while (2) follows from [J]. We give a simple proof of (2) 
as follows. 

First we prove (5.12). Thus suppose 

^4J = ^{(^p't>p + 'bp't>'p)+<^>^^ + '^^, (5.13) 

is the zero 2-cocycle for some Op, 6p e F and some linear function /. Then for p e /i, a G F, 
by applying if) to {x~"^,x'^), {x^p , x'^~^p~'^p) , (x", x*^""), we have 



= x'^) = -flp - bp, 



(5.14) 



= ^p ""p) = Cpbp, 

= i;{x'^,x'^-'^) = fi{a) + ^(ap - ap)/(x'^^+<^), (^^^g) 

(cf. the definition of Ap in (3.97)). We obtain that Op = 6p = for p e /i and by (4.9), 

I^ = Y1 '^pl^P ^ HomJ(F, F) n span{/Xp \pe h}^ {0}, (5.17) 

peh 

where Cp = -f{x''p+'') e F. This proves (5.12). 

Now suppose t/j is a, 2-cocycle. We define a hnear function / as follows: set f{x'^) — 0, 
and for a e F\{(7}, we define 



and set 



for p = Pa- Set 



where 



Pa = mm{p e Ii I {ap, a^) ^ (1, 1)}, (5.18) 

' 6-1(1 -ap)-V(a;^^a;"-"^'-^'') if ctp = ctp 7^ 1, ^' ^ 

= ^ - + ^f'^p) - (5-20) 
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-V'(x-^^ x'^) - bp, bp = e;V(2:^^ a:''"^""''"), (5.21) 
(cf. (5.14) and (5.15)). Then one can prove 

(pix'^^x") ^0 for pe/i, aeF. (5.22) 

In fact, ii a — a, it follows from (5.9), (5.10), (5.20) and (5.21). Assume a. Let p — Pa 

and write ^ 

(ttp ttp) [a; ''jX ] if OLp ^ dp, 

e-i(l - «p)-i[x^f,x"-'^f-^f] ifap = ap7^1, 
(cf. (5.19)), we can obtain (5.22) by the Jacobian identity (5.2). From (5.22), by considering 
^{x~'^p , ^°',x^\) and by (5.2), we obtain 

0(x", x^) = if OLp ^ i5p ^ OLp ^ iip for some p e I^. (5-24) 
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Now we want to prove 

x") = for aer, ge/i. (5.25) 

By (5.24), we can suppose ap — apiip^ q, and ag — a-g + Cg. li a — a — Xg — ag, (5.25) follows 
from (5.9), (5.10), (5.20) and (5.21). So suppose a 7^ a — — cXg. Let a' = a + \g + ag a. If 
P — Pa' then a'p — — Up — ap ^ 1, and by writing x" — e~^(l — ap)~^[x^p , x"~'^p~^^], 
we obtain 

0(a;^^ x") = -e-\l - ap)-^egag0(a;^^ a;"'""-'^'') = 0, (5.26) 

by (5.19). On the other hand, if p = g, we again have (f){x^'',x") — (f){x^'',x"'~"'p~^p) = by 
(5.19). 

Now by (5.25) and by writing (ctp — l)x°' — —ep^[x^p , x"'~^p~"'p], we obtain 

{ap - l)0(a;", x^) = -/5p0(a;"-^^-'^^ x^+^^+^^), (5.27) 
{ap - 2)0(x"-^^-'^^ a;/3+Ap+ap) ^ ^ ;L)0(a;"-2^^-2'^^ x'^+2Ap+2ap^^ ^5 28) 

for p e 7i, where (5.28) is obtained from (5.27). Using (5.28) in (5.27) and by writing 

{3{ap - ap) - 2apep)x"-^^''-^''^ = [x", a;-2^f-3-p], (5.29) 

we obtain 

{3{ap-ap) - 2apep)(ap - l)(ap - 2)0(x", x^) 

= Pp{f3p + 1)(0([X'^, a;/^+2A,+2a,]^ ^-2A,-3a,) ^ ^(^a^ [^-2A,-3a, ^ ^/3+2A,+2a,] _ ^ " ) 

We prove that 

(j){x'^,x-'^^^-^'''')^0 for aer, pe/i. (5.31) 

By (5.24), we can suppose = ap + 2ep. If ap ^ 1, 2, by setting (3 = — 2Ap — in (5.27) 
and (5,28), then the right-hand side of (5.28) is zero by (5.22), and thus (5.31) holds. Suppose 
ap — 1,2. Then a^ = 1 + 2ep or 2 + 2ep, thus we can write a in the following form 

a — a' + ap + 2Xp or a' + 2ap + 2Xp for some a' e F such that {a'p, a'^) — (0, 0). (5.32) 

We denote 

rf. = 0(2;a'+iK+Ap)-2a^^ ^-iK+Ap))^ ^/ ^ ^(^^a'+iK+Ap)-^^^ ^-iK+Ap)-)^ ^5 34^ 

for i & Z. By writing 

(i-2j)epX-^(''''+^^)-^^ = for j e Z, (5.35) 

we obtain 

ii-2j)ci^{i+j)ci^j-{2i-j)cj, {i-2j)4^i{4_^-c'^) for i,jeZ. (5.36) 
By writing 

2(j — i)epx"'"'"*^'^'''^'^^^~^*' = [2;"^'+j(«^p+Ap)-2o-p^ (5.37) 

(^j — i)epx'*'+^(^j'+'^p) = [^a'+j(o-p+Ap)-CTp^ ^(«-j)((Tp+Ap)j^ (5.38) 
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we obtain 

2(j - ^)c^ = [2% + j)c?,-i - (i - 3)dj, (j -iy.= {i\ j)d'^_. + {i - j)d'^ for t, j e Z. (5.39) 

Note that the system (5.36) has up to multiphcative scalars unique solutions for c^, and we 
find that 

Cj = {i^ - i)c, c- = i^c' for i e Z and some c, c' e F, (5.40) 

are the only solutions. If we substitute j by 1 and by i + 1 in (5.39), we then obtain q = = 
di — d'j^ — for all i E Z. This in particular proves (5.31) by (5.32)-(5.34). 

Now using (5.31) in (5.30), noting that Pp — I3p — ap — aphy (5.24), we deduce that 

(/5p(/5p + l)(3(ap-aj,)+2ep(/3p-l))-(ap-l)(ap-2)(3(ap-ap)-2apep))0(a;",a;'') = 0. (5.41) 

As in the proof of (5.31), we can prove 0(x", x'^^^) = 0. Thus we can replace Xp by 2Ap in the 
above discussion, i.e., if we replace Cp by 2ep, (5.41) still holds. This forces 

(/)(x°,a;^) = or (3p - 1 ^ -ap for all p e h, (5.42) 

i.e., if q; + /3 7^ (T, then 0(x", x^) — 0. Thus we can suppose 

0(a;",a;^) = maSa+p,a ^oi a,/? e F and some rUa G F. (5.43) 

As in the proof of (5.31), we can prove mi^^j^jx^ = for i,j G Z, p e Ii. Then for any 
a,/? e r, p e Ii, let vi — x'^,V2 — x^,V3 = x'^~'^~^~"p in (5.2), one can easily deduce that 
^ : a ^ rria is a group homomorphism : F ^ F such that /i(o"p) = 0. Thus ji G HomJ(F, F) 
and = ip^. Furthermore, we can write = z/ + A for z/ G HomJ(F, F), A G span{|Up | p G /i} 
by (4.9). Then (p = ipi, + ipx- But from (5.16) and (5.17), one can sec that ipx corresponds to 
a trivial 2-cocycle, thus we can suppose 4> = 4'v This proves Theorem 5.1. | 
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